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Abstract
We show that representations of the group of spacetime diffeo-
morphism and the Dirac algebra both arise in a phase-space histories
version of canonical general relativity. This is the general-relativistic
analogue of the novel time structure introduced previously in history
theory: namely, the existence in non-relativistic physics of two types





The ‘problem of time’ in quantum gravity takes on a dierent form according
to the approach to quantum gravity that one adopts. However, in all cases,
this question of the status of the notion of time is a fundamental one; indeed,
it is true in all cases that we need a better understanding of conceptual issues
concerning the nature of space and time.
In light of the recent developments on the distinction that has been made
between time as a causal ordering parameter, and time as an evolution pa-
rameter in dynamics [1], the main goal of the present paper is to show how
the application of history ideas to general relativity opens up a novel way
of viewing that subject; and hence ultimately to a completely new way of
tackling the quantisation of gravity.
In what follows, we apply the ideas of classical history theory [1] to the
general theory of relativity. A preliminary step in this direction was the
application of the history methods to parametrised systems (often used as
simple models for general relativity). Thus, in [2] we studied the quantisa-
tion of constrained systems using the continuous-time histories scheme. In
particular, the existence of the two times in a history version of parametrised
systems was exploited to show the existence of an intrinsic time that does
not disappear when the constraints are enforced, either classically or quan-
tum mechanically. Hence this provides a solution to the ‘problem of time’
for systems of this type. This work is a natural precursor for dealing with
the problem of time as it appears in canonical quantum gravity.
In the context of general relativity, we start by considering a Lorentzian
geometry on a spacetime M ’ IR   as being equivalent to a history of
Riemannian metrics on the three-manifold . Thus we consider paths t 7!
hij(t; x) of Riemannian metrics, which together with the paths t 7! kl(t; x) of
conjugate momenta, are postulated to form the fundamental classical history
algebra (the history analogue of the normal canonical Poisson brackets)
fhij(t; x) ; hkl(t0; x0)g = 0 (1.1)
fij(t; x) ; kl(t0; x0)g = 0 (1.2)
fhij(t; x) ; kl(t0; x0)g = kl(ij) (t; t0) 3(x; x0); (1.3)









In the standard approach to canonical general relativity, the relation be-
tween the spacetime dieomorphism algebra and the Dirac constraint algebra
has long been an important matter for discussion [3, 4]. Therefore, it is of
considerable signicance that in this new construction the two algebras ap-
pear together for the rst time in a completely natural way: specically,
as we shall show, the history theory contains a representation of both the
spacetime dieomorphism group and the Dirac algebra of constraints of the
canonical theory.
A key result in this respect is the observation that for each vector eld












dt ij(t; x)L ~W hij(t; x)
(1.4)
satises the Lie algebra of the group of spacetime dieomorphisms
f VW1; VW2 g = V[ W1,W2 ]; (1.5)
for all spacetime vector elds W1; W2, and where [ W1; W2 ] denotes their
commutator.
This is a very signicant result since it implies that in this history theory
there is a central role for spacetime concepts, whereas the canonical ap-
proaches to general relativity are dominated by spatial ideas. Furthermore,
it makes particularly clear how the distinction between the Dirac constraint
algebra and the spacetime dieomorphism group arises as a facet of the non-
trivial temporal structure of the histories description.
In section 2 we present the basic ideas of the histories temporal structure.
Of particular importance is the distinction between the aspects of the concept
of time as (i) an ordering parameter, and (ii) an evolution parameter. This
is realised mathematically with the construction of two distinct generators
of time translations. Furthermore, the denition of the action operator S|
which was proved to be the generator of both types of time translations|
nicely intertwines the two modes of time [1]. We briefly present the histories
classical non-relativistic physics and relativistic eld theory. We especially
emphasise the existence of two Poincare groups as the analogue of the two
types of time translation in non-relativistic physics.[5]. The histories theory
of parameterised systems is a natural precursor for the study of histories
general relativity theory. We recall how the existence of the two modes
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of time for such systems has as a result an ‘intrinsic time’ that does not
disappear when enforcing the constraints [2]. This provides a solution to the
analogue for the parametrised particle of the famous ‘problem of time’ in
canonical quantum gravity.
In section 3 we present the structure of the history version of canonical
general relativity theory: this uses the basic ideas of the history versions
of both relativistic quantum eld theory and the parametrised particle. We
explicitly write the analogue of the Dirac algebra of constraints. We then
show that there exists a representation of the group of spacetime dieomor-
phisms. This novel result is a direct analogue of the two Poincare groups in
relativistic eld theory: it is therefore grounded in the distinction between
the two aspects of time.
A preliminary version of this work was presented at the 9th Marcel Gross-
mann Conference [6].
2 Background
2.1 Temporal Structure of HPO histories theory
In recent years, it has become better understood that the problem of quan-
tum gravity|and especially the way in which time might appear in such a
theory|suggests the need for a new form of quantum theory: in particular,
one where the notion of ‘time’ is introduced in some novel way.
One such formalism is the ‘HPO’ (‘History Projection Operator’) ap-
proach to a quantum history theory. Although the programme originated
from the consistent histories theory, as formulated initially by Griths,
Omnes, and Gell-Mann and Hartle [7], it was developed so that the logical
structure of the histories theory was recovered1; in particular it introduced
a ‘temporal’ logic of the theory [8]. The HPO theory takes a completely
dierent turn in the way the concept of time was introduced in [1].
The consistent histories formalism was developed to deal with closed sys-
tems. A history  = (^t1 ; ^t2 ; : : : ; ^tn) is dened to be a collection of pro-
1A crucial problem of the consistent histories theory is that the original definition of a
history has as a consequence the loss of the single-time quantum logical structure
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jection operators ^ti , i = 1; 2; : : : ; n, each of which represents a property of
the system at the single time ti. Therefore, the emphasis is placed on histo-
ries, rather than properties at a single time, which in turn gives rise to the
possibility of generalized histories with novel concepts of time.
The History Projection Operator approach, developed originally by Isham
[8], and Isham and Linden [9], is an approach to the consistent histories for-
malism that places emphasis on temporal logic. This is achieved by repre-
senting the history  as the operator ^ := ^t1 ⊗ ^t2 ⊗    ⊗ ^tn which is a
genuine projection operator on the tensor product ⊗ni=1Hti of copies of the
standard Hilbert space H. Note that to use this construction in any type of
eld theory requires an extension to a continuous time label, and hence to
an appropriate denition of the continuous tensor product ⊗t2IRHt. This has
been done successfully for non-relativistic particle physics [9], and relativistic
quantum eld theory [5].
A central feature of the HPO histories theory is the development of the
novel temporal structure that was introduced in [1]. Specically, it was
shown that there exist two distinct types of time transformation, each of
which represents a distinct quality, or mode, of the concept of time.
The rst such mode corresponds to time considered purely as a kine-
matical parameter of a physical system, with respect to which a history is
dened as a succession of possible events. It is strongly connected with the
temporal-logical structure of the theory and it is related to the view of time
as a parameter that determines the ordering of events. The second mode
corresponds to the dynamical evolution generated by the Hamiltonian.
Classically, these two ways of considering time are nicely intertwined
through the histories analogue of the action principle which provides the
paths that are solutions to the classical equations of motion. A main re-
sult of the theory is that physical quantities appear naturally time-averaged.
Hence these new ideas on the concept of time have as a consequence that
observables admit two dierent time labels: (i) a time parameter t which
corresponds to the ‘external’ time that labels events at dierent moments
of time, and with respect to which the time averages are taken; and (ii) a
time parameter s which corresponds to the ‘internal’ time that appears as
the evolution parameter for a xed external time t.
In the corresponding quantum theory, the Hamiltonian2 operator H , and
2In this context, ‘Hamiltonian’ H =
∫
dtHt means the history quantity that is the
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the ‘Liouville’ operator V are the generators of the two types of time trans-
formation [1]. Specically, the Hamiltonian H is the generator of the uni-
tary time evolution with respect to the ‘internal’ time label s; this has no
eect on the ‘external’ time label t. On the other hand, the Liouville op-
erator V |dened in analogy to the kinematical part of the classical action
functional|generates time translations along the t-time axis without aect-
ing the s-label.
The key feature of the ensuing temporal structure, however, is the deni-
tion of the action operator S as a quantum analogue of the classical action
functional:
S := V −
∫ +1
−1
dt Ht = V −H: (2.1)
It transpires that the action operator S generates both types of time trans-
formation, and in this sense it is the generator of physical time translations
in the HPO formalism.
The time transformations generated by the action operator S resemble
the canonical transformations generated by the Hamilton-Jacobi action func-
tional. In this sense, there is an interesting relation between the denition of
S and the well-known work by Dirac on the Lagrangian theory for quantum
mechanics [10, 1]. In particular, motivated by the fact that|contrary to the
Hamiltonian method|the Lagrangian method can be expressed relativisti-
cally (on account of the action function being a relativistic invariant), Dirac
tried to take over the general ideas of the classical Lagrangian theory, albeit
not the equations of the Lagrangian theory per se.
Recently, these ideas have been applied in various theories, with some
intriguing results. For example, the temporal structure of HPO histories
enables us to treat parameterised systems in such a way that the problem of
time does not arise [2]. Indeed, histories keep their intrinsic temporality after
the implementation of the constraint: thus there is no uncertainty about the
temporal-ordering properties of the physical system.
In relativistic quantum eld theory, the analogue of the two types of time
transformation is the existence of two groups of Poincare´ transformations [5].
It transpires that dierent representations of the theory|that correspond to
dierent choices of foliation|can all be dened on the same Hilbert space,
and they are related by transformations generated by the ‘external’ Poincare
time-averaged energy of the system.
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group.
As we shall see in what follows, the histories description of general relativ-
ity blends together the structure of the two systems referred above: namely,
the parameterised systems and the relativistic eld.
2.2 Classical Histories
In the histories formalism for Newtonian classical mechanics, the space of
classical histories  = fγ j γ : IR ! Γg is the set of all smooth paths on
the classical state space Γ. It can be equipped with a natural symplectic
structure, which gives rise to the Poisson bracket
fxt ; xt′gΠ = 0 (2.2)
fpt ; pt′gΠ = 0 (2.3)
fxt ; pt′gΠ = (t− t0) (2.4)
where
xt :  ! IR (2.5)
γ 7! xt(γ) := x(γ(t)) (2.6)
and similarly for pt.




dt pt _xt; (2.7)




dt Ht(xt; pt) (2.8)
where Ht is the Hamiltonian that is associated with the copy Γt of the normal
classical state space with the same time label t.
The temporal structure leads to the histories analogue of the classical
equations of motion
fF; V gΠ (γcl) = fF; HgΠ (γcl) (2.9)
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where F is any function on , and where the path γcl is a solution of the
equations of motion.
A crucial result therefore is that, the history equivalent of the classical
equations of motion is given by the following condition that holds for all
functions F on  when γcl is a classical solution:





dt (pt _xt −Ht(xt; pt)) = V (γ)−H(γ) (2.11)
is the classical analogue of the action operator. This is the history analogue
of the least action principle [1].
2.3 Classical Parameterised Systems
A natural precursor to general relativity is the theory of parameterised sys-
tems. Such systems have a vanishing Hamiltonian H = h(x; p), when the
constraints are imposed. Classically this implies that two points of the con-
straint surface C correspond to the same physical state; hence the true de-
grees of freedom are represented by points in the reduced state space Γred
Γred := C=  (2.12)
An element of the reduced state space is itself a solution to the classical
equations of motion; on the other hand, a point in state space also corre-
sponds to a possible conguration of the physical system at an instant of
time. Hence the notion of time is unclear: in particular, it is not obvious
how to recover the notion of temporal ordering unless we choose to arbitrarily
impose a gauge-xing condition.
In the histories approach to parameterised systems, the history constraint
surface Ch is dened as Ch = fγc : IR ! Cg|the set of all smooth paths from
the real line to the constraint surface C. The history Hamiltonian constraint
is dened by Hκ =
∫
dt (t)ht, and for all values of the smearing function (t)
the history Hamiltonian constraint Hκ generates canonical transformations
on the history constraint surface Ch. The history reduced state space red
is then dened as red = fγ : IR ! Γg|the set of all smooth paths on the
canonical reduced state space Γred: it is identical to the space of orbits of Hκ
on Ch.
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The novel result here is that, contrary to what is the case for existing
treatments of parameterised systems, the classical equations of motion can
be explicitly realised on the reduced state space red. They are given by
f ~S; Fg (γcl) = f ~V ; Fg (γcl) = 0 (2.13)
where ~S and ~V are respectively the action and Liouville functions projected
on red.
Both ~S and ~V commute weakly with the Hamiltonian constraint [2]. Fur-
thermore, the smeared form of the Liouville function Vλ =
∫
dt (t) pt _xt gen-
erates time reparameterisations on red, and it leaves invariant the classical
equations of motion.
2.4 Classical Field Theory
We write the history version of classical eld theory for Minkowski spacetime,
foliated with respect to a time-like vector nµ, that is normalised by µνn
µnν =
1. We shall take the signature of the Minkowski metric µν to be (+;−;−;−).
In the histories formalism of a scalar eld, the space of state-space his-
tories  is an appropriate subset of the continuous Cartesian product tΓt
of copies of the standard state space Γ, each labeled by the time parameter
t. The choice of Γ depends on the choice of a foliation vector nµ, hence the
space of histories also has an implicit dependence on nµ and should therefore
be written as n.
Furthermore, for each space-like surface t = (n; t)|dened with respect
to its normal vector n, and labeled by the parameter t|we consider the state
space Γt = T
C1(t) that is dened in such a way as to give the basic Poisson
algebra relations of the history theory:
f(X) ; (X 0) g = 0 (2.14)
f (X) ; (X 0) g = 0 (2.15)
f(X) ; (X 0) g = 4(X −X 0) (2.16)
where X and X 0 are spacetime points. Note that a spacetime point X can
be associated with the pair (t; x) 2 IR  IR3 as X = tn + xn, where the
three-vector x has been associated with a corresponding four-vector xn that
is n-spatial (i.e., n  xn = 0); note that t = n X.
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We then dene the action, Liouville and Hamiltonian functionals for the
scalar eld as
nS := nV − nH (2.17)
nV :=
∫







2(X) + (X) nΓ (X)
)
; (2.19)
respectively. Here nΓ := (nµnν − µν)@µ@ν + ~m2, where ~m is the mass of the
free eld.
It can be shown that the variation of the action functional nS[ γ ] leaves
invariant the paths γcl that are the classical solutions of the system:
f(X); nSg(γcl) = 0 (2.20)
f(X); nSg(γcl) = 0: (2.21)
2.4.1 Poincare´ symmetry
For each copy Γt of the standard state space, there exists a Poincare group,
as one would expect in a canonical treatment of relativistic eld theory. On
the other hand, in histories theory the state space  is, heuristically, the
Cartesian product of such copies. Hence, for each copy of the standard state
space, labeled by a xed value of t, there exists an ‘internal’ Poincare group
acting on the copy of standard canonical eld theory, that is labeled with
the same time label t. However, the physical quantities in histories theory
appear naturally time-averaged [1], and hence a central role is played by a
time-averaged form of these internal groups.
Of special interest is the action of the corresponding Hamiltonian nH :=∫1
−1 dt
nHt, and the boost generator
nK, on the eld (X) = (t; x). In par-
ticular, we can dene a classical, history analogue of the Heisenberg picture
elds (X; s) = (t; x; s) [5] as
(X)
nH














2 s) (X): (2.23)
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where (x0; s0) and (x; s) are related by a Lorentz boost.
In addition to these ‘internal’ Poincare groups (and the time-averaged
version) there exists an ‘external’ Poincare group with the same space trans-
lations and rotations generators as those of the internal Poincare group, but
with dierent time translator and boosts. In particular, the time-translation
generator for the ‘external’ Poincare group is the Liouville functional nV [5]:
(t; x)
nV
−! (t + ; x): (2.25)
The boost generator n ~K(m) generates Lorentz transformations
(X) ! (X) (2.26)
(X) ! (X) (2.27)
where  is the element of the Lorentz group parameterised by the boost
parameter mi.
Furthermore under the action of the external Poincare group, the action
functional nS transforms as
nS ! ΛnS: (2.28)
It can be shown from Eqs. (2.20{2.21) that the two types of boost trans-
formation coincide for the classical solutions γcl [5]
f(X); K(m)g(γcl) = f(X); ~K(m)g(γcl) (2.29)
f(X); K(m)g(γcl) = f(X); ~K(m)g(γcl): (2.30)
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3 Histories version of General Relativity
In order to apply the histories theory to general relativity two methods may
be followed. From the spacetime perspective advocated by Hartle [7], a
history is a Lorentzian metric. On the other hand, from the canonical per-
spective, a history is a path in the space of Riemannian metrics on a xed
three-manifold . We shall follow the latter approach here.
Another interesting way of formulating general relativity histories is a
covariant-like treatment|similar to the one developed by Wald [11]|that
provides a clarifying spacetime description of the theory. This will be rele-
vant in future work, where we study the change of foliation in a covariant
description of histories theory.
3.1 Canonical treatment: basic structure
The history space  for general relativity is a suitable subset of the Cartesian
product tΓt of copies of the classical general relativity state space Γ = Γ(),
labeled by a parameter t, with t 2 IR. Here  is a xed three-manifold.
In particular, Γ() = T Riem(), where Riem() is the space of Rie-
mannian metrics on ; i.e., an element of Γ() is a pair (hij ; 
kl).
The history version of the canonical Poisson brackets is postulated to be
fhij(t; x) ; hkl(t0; x0)g = 0 (3.1)
fij(t; x) ; kl(t0; x0)g = 0 (3.2)
fhij(t; x) ; kl(t0; x0)g = (ij)kl (t; t0) 3(x; x0) (3.3)
where t 7! hij(t; x) is a path of Riemannian metrics on the three-manifold









3.2 The Dirac Algebra of Constraints
The construction above leads naturally to an one-parameter family of Dirac
super-hamiltoniansH?(t; x) and transverse super-momentaHi(t; x) [12]. These
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functions on IR  are




Hi = −2rjij ; (3.5)
in terms of the covariant derivative r and the Ricci scalar R that correspond
to the three-metric hij . They satisfy the history version of the Dirac algebra:
fHi(t; x) ;Hj(t0; x0)g = −Hj(t; x) (t; t0) @x′i 3(x; x0)
+Hi(t; x) (t; t0) @xj 3(x; x0) (3.6)
fHi(t; x) ;H?(t0; x0)g = H?(t; x) (t; t0) @x′i 3(x; x0) (3.7)
fH?(t; x) ;H?(x0; t0)g = hij(t; x)Hi(t; x) (t; t0) @x′j 3(x; x0)
−hij(t0; x0)Hi(t0; x0) (t; t0) @xj 3(x; x0) (3.8)
The spacetime smeared form of the super-hamiltonian H?(t; x) and the
transverse super-momentum Hi(t; x) are dened using as their smearing
functions a scalar function N|which essentially corresponds to the lapse
function|and a spatial vector eld N i|which corresponds to the shift vec-










dt N i(t; x)Hi(t; x): (3.10)







N(t; x)H?(t; x) + N i(t; x)Hi(t; x)
)
(3.11)
= H(N) +H( ~N):
The smeared form of this history version of the Dirac algebra is
fH[ ~N ] ;H[ ~N 0]g = H[ ~N ; ~N 0] (3.12)
fH[ ~N ] ;H[N ]g = H[L ~NN ] (3.13)
fH[N ] ;H[N 0]g = H[~L]; (3.14)
where in Eq. (3.14) we have Li := hij(N@jN
0 −N 0@jN), with i = 1; 2; 3.
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3.3 The representation of the group Di(M)
We note that this smeared form Eqs. (3.12{3.14) of the Dirac algebra is the
analogue of the internal Poincare group of the histories quantum eld theory,
in the sense that it does not aect the external time label t. We shall now
see that there is also an analogue of the external Poincare group|namely
the group of spacetime dieomorphisms.
Since we have considered a one-parameter family of Riemannian metrics
hij on the three-surface , we can now identify IR   as the spacetime M .
The critical observation here is that we can write a representation of the
spacetime dieomorphisms group Di(M) on the history space .
Indeed, in previous applications of the histories formalism we have dened
the ‘Liouville’ function V as the generator of time translations with respect
to the ‘external’ time t that appears as a kinematical ordering parameter that
distinguishes between past, present and future [1, 2, 5]. In the present case,










This expression for the Liouville function suggests a more general form
that is applicable here. Namely, for each vector eld W on the spacetime M
we can write
W (t; x) = W 0(t; x)
@
@t




in coordinates adapted to the identication of M with the Cartesian product
IR . We can then dene the generalised version of the Liouville function












dt ij(t; x)L ~W hij(t; x);
(3.17)
where L ~W is the Lie derivative with respect to the spatial vector eld ~W .
The fundamental result is that these generalised Liouville functions VW ,
dened for any vector eld W as in Eq. (3.17), satisfy the Lie algebra of the
spacetime diffeomorphism group:
f VW1 ; VW2 g = V[W1,W2]; (3.18)
where [W1; W2] is the Lie bracket between vector elds W1 and W2 on the
manifold M .
14
Hence, in the histories version of general relativity there exists a repre-
sentation of the group Di(M) of spacetime dieomorphisms, together with
the Dirac algebra of constraints Eqs. (3.12{3.14). Note that the super-
momentum constraints H( ~N) are a special case of Liouville functions for
vector elds W with W 0 = 0.
The above result is striking, but nonetheless it is a close analogy of the
existence of the external Poincare group in histories quantum eld theory [5].
Furthermore, and in analogy to the eld theory case, the spatial generators
of the internal and the external groups coincide, while the ones involving
time are dierent.
The next step would be to introduce the spacetime metric itself. To this
end, we identify the smearing functions N and ~N as being the usual lapse and
shift vectors, and then dene the general expression for the action functional
SW with respect to a vector eld W as
SW := VW −H(N ; ~N): (3.19)













ij(t; x) _hij(t; x)−H(N)−H( ~N )
}
(3.21)
= V −H(N ; ~N) (3.22)
where V is given by Eq. (3.15).
It is straightforward to check that the usual dynamical equations for the
canonical elds hij and 
ij are equivalent to the history Poisson bracket
equations
fS ; hij(t; x)g (γcl) = 0 (3.23)
fS ; ij(t; x)g (γcl) = 0 (3.24)
where S is dened as in Eq. (3.22). The path γcl is a solution of the classical
equations of motion, and therefore corresponds to a spacetime metric that is
a solution of the Einstein equations.
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3.3.1 State space reduction.
Next we should employ the algorithm we used in [2] to treat parameterised
systems. To this end, we rst dene the ‘history constraint’ surface Ch as
the space of paths from IR to the canonical constraint surface C, which is
dened from the requirement that the constraints should vanish for all times
t.
The next step is to study the action of the constraints by symplectic
transformations on Ch. The reduced space of histories red is the space of
the orbits that are obtained by the action of the constraints (i.e., equivalence
classes of points of Ch that are related by a constraint transformation):
red = Ch=  (3.25)
In fact red is isomorphic to the space of continuous paths on Γred.
A function on  is a physical observable|which means it can be projected
into a function on red|if and only if it commutes with the constraints on the
constraint surface. We shall now discuss the extent to which the generators
VW of the spacetime dieomorphism group satisfy this condition. Indeed,
fVW ;H(N)g = H(LWN) (3.26)
fVW ;H( ~N)g = fVW ; V ~Ng = V[W, ~N] = H([W; ~N ]): (3.27)
Hence, the generators of the spacetime dieomorphisms VW commute with
the super-hamiltonian H on the constraint surface Ch.
However, VW only commutes withH( ~N) on Ch if [W; ~N ] is a spatial vector
eld, i.e., if the dieomorphisms generated by W preserve the spatial nature





; ~N ] = 0 (3.28)
for all spatial vectors ~N . It follows that [W; ~N ] is spatial if and only if W 0 is
a function of the parameter t only .
Hence, amongst all spacetime dieomorphisms, it is only the Liouville
function V |the time translations generator|that can be projected on the










for any function .
We note that the function Vλ generates time reparametrisations of the
parameter t on red [2]. Hence, of all spacetime dieomorphisms, it is only
the generator of time reparametrisations that is dened on the reduced phase
space red. Together with the spatial dieomorphisms, it preserves the re-
lation between spatial and temporal objects. In a spacetime picture, this
dieomorphism would be the one that preserves the foliation.
4 Conclusions
We have showed how the recent development in introducing the distinction
between time as a causal ordering parameter, and as an evolution parameter
in dynamics [1], leads to the construction of a history version of general
relativity in which there emerges a new relation between the group structures
associated with the normal Lagrangian and Hamiltonian approaches. In
particular, we have showed that in this histories version of canonical general
relativity there exists a representation of the spacetime dieomorphism group
Di(M), together with a history analogue of the Dirac algebra of constraints.
However, various important issues arise. The immediate one to be ad-
dressed is that the history algebra Eqs. (3.1{3.3) depends on the choice of
a Lorentzian foliation. This leads to two distinct questions. First, what is
the degree to which physical results depend upon this choice? The solutions
to the equations of motion for each choice allow us to construct dierent 4-
metrics. If dierent descriptions are to be equivalent, two distinct 4-metrics
should be related by a spacetime dieomorphism. We should therefore es-
tablish that there is an action of the spacetime dieomorphism group that
intertwines between constructions corresponding to dierent choices of the
foliation. This involves considering state space histories corresponding to
arbitrary choices of foliation.
Second, and perhaps more important, is to question the notion of a space-
like foliation itself. Since the spacetime causal structure is a dynamical ob-
ject, the notion of a foliation being spacelike has meaning only after the
solution to the classical equations of motion has been selected. However, in
the histories description we do not just use a single solution of the classical
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equations of motion (indeed, many of the possible histories are not solutions
at all), and in these circumstances the notion of a ‘spacelike’ foliation loses
its meaning.
The issues mentioned above are fundamental in the treatment of gen-
eral relativity. Once they have been resolved, further applications will be
technically straightforward: for instance, the appearance of Noether’s the-
orem in the histories formalism. Of particular signicance is the fact that
the histories description contains a mixture of Lagrangian and Hamiltonian
structures. An interesting application would be to apply the history ideas to
the description of gravity in terms of the Ashtekar variables.
The work presented here is only the beginning of a programme for con-
structing a history theory of general relativity. What is necessary next, is
to develop the formalism to nd a description that focuses on a manifestly
covariant treatment of the theory.
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